1. Introduction. Let G be a finitely presented group such that the abelianized group G/ [G, G] has a basis of n elements, which may possibly include elements of finite order. Let G have a presentation of n+k generators and k+q relations. (Necessarily, q = 0.) Then, for each integer á>0, a group ® presented by n generators and q relations may be constructed such that ®/®d is isomorphic with G/Gd, where ®d and Gd are the áth lower central commutator subgroups of ® and G respectively.
In the case that G is the group of a link L consisting of n components, @ is a group presented by n generators and n relations. This is quite a helpful reduction in the number of generators and relations in the presentation of G/Gd, which determines the finitely generated abelian factor groups G,/G1+i, i=l, 2, -■ ■ , d -1, and thus yields numerical invariants.
This result is applied in §4 to obtain a geometrical interpretation of the factor group G/Gs of the group G of a link L; G/Gz is completely determined by the number of components of L and the linking numbers of the different pairs of components.
In §5 two examples are given. In one of them, it is shown that the torsion numbers of G3/G4 are sufficient to distinguish between a certain sequence of links, each of which has vanishing linking number for each pair of its three components. In the other example, it is shown that the torsion numbers of G4/G5 may be used to distinguish between another sequence of links of two components with vanishing linking number. However, for the group G of a knot, the factor group G/Gd is finite cyclic for every d ^ 2. The author is obliged for the valuable suggestions of R. H. Fox and R. C. Lyndon. Main Theorem. Let G be a finitely presented group such that the abelianized group G/G2 has a basis of n elements. Suppose that G is presented by n+k generators and k+q relations, ilt is implied that k^O and q^0.) Then, for each d^O, there is a group ® presented by n generators and q relations such that G/GdÇ*G/Gd.
The case q = 0 of this theorem has been proved by W. Magnus [6] . This section is devoted to a complete proof of this theorem, which will be restated later in a more constructive form (Theorem 1). Let G have a presentation (i) hi = UiXibîl,UiEF2,XiE%,
(ii) TiEF2, where F denotes the free group generated by a,-, i=l, 2, ■ ■ • , n, and bi, i=l, 2, • • • , k, and g denotes the free group generated by ai, i=l, 2, ■ ■ • , n, alone.
We may assume hereafter in this section that G has its presentation as given in this lemma. Observe that a\, • • • , an form a basis in the abelianized group G/G2. For simplicity, write the presentation of G as G^ {a, b / h, r}. Let H be the normal subgroup generated by hi, i=l, 2, ---, k, and R the normal subgroup generated by r,-, i = l, 2, ■ ■ ■ , q. Then G^F/H-R.
Denote by yj/(w) the word obtained from w by replacing each bi by UiXi, and <p(w) the word obtained from w by replacing each bi by Xi, i = l, 2, ---, k. Then the substitution \p: F^>F is an endomorphism of F, and the substitution <p: F->$ is a homomorphism of F onto %. Both \p and <b leave % elementwise fixed, and <p2=\//<p=<p. Moreover hi=\p(bi)bi1, and therefore \p(w)=w mod H, wEF. We observe that, in the presentation G^{a, b / h, r}, to replace r,-by $(ri) is a Tietze operation [8] , and thus, by repeated use of \p, (2) G^{a,b/h,r~\r)}, d = 2.
The notation \pd~2(r) stands for the array ipd~2(ri), ■ ■ -, ipd~2(rq), and obvious notations of abbreviation similar to this will be often used. It will be an important technique in this paper to use the substitution \p as a Tietze operation on generators and relations of G.
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Proof. For the generators a< and bt of F, we have yp(ai) =a» =0 (ßt) and yp(bi)=UiXi=fabi) mod F2. It is thus true that, for wEF, yp(w) =faw) mod F2. We prove the lemma for d = 1 by induction on /.
Assuming that the lemma holds for t-1, t^2, it follows from Lemma Remark. In the presentation of ©^ {a / <j>ypd~3(r)}, each r{ belongs to F2, i=l, 2, ■ ■ ■ , q. If, for some *, r¿ belongs to Ft, l^t^d -1, then we may replace the corresponding <pypd~3(ri) by 0^d_1~i(ri) in the presentation of @.
Proof of the theorem. It follows from Lemma 3 that ypd~2(ri) =<j>ypd-\rt) mod Fd, and from (2) Notice that each 0^-3(ri) belongs to %. Let hi = <¡>ypd-2(bi)bT1 and h'={hi,h2, ■ • -,h't}. Since yp(w)=w mod H, wEF, we have ypd~1(bi) = bi mod H and, using Lemma 3, hi =<t>ypd~2(bi)b^1^ypd~1(bi)b¡'1 mod Fd =-e mod if ■ Fd. Therefore by Tietze operations we may introduce new relations hi =e into the presentation of G/Gd: 
Application to link groups. A link is the union of n mutually disjoint, oriented, simple closed curves Li, • • • , L" in Euclidean 3-space E. L{ is called the ith component of L. If each L,-is a polygon, then L is said to be polygonal. The fundamental group G of the complement E-L is called the group of the link L.
Through the well known Wirtinger method [7] , we may read off a presentation of the group G of a polygonal link L through its regular projection. Let G^{a,y / r^} (i = l,2, --■ , n; j = l, 2, -• • , ki) be K. Reidemeister [7, p. 45] remarked that, for L=Li\JL2, [au a2], taken as an element of G/G3, is of order \pi2\. This result may be regarded as a corollary of Theorem 2.
5. Examples. Let L=Li\JL2\JLz be a link as given in Fig. 1 , and G its group. The link L has three components, each pair of which has vanishing linking number. We shall therefore overlook the factor group G2/G3, which does not yield interesting invariants. In order to compute G3/G4, let F be the free group generated by a,y, i=l, 2, 3; As before, g denotes the free group generated by ait a2, a3. The following congruence identities may be verified straightforwardly: For any u, u', v, wE%, [mm', v, w] = [u, v, w] [u', v, w] =fam*-fa=(fa/fa)/(ïï*-fa/fa). The group fo/g« is free abelian of rank 8 [2; 4; 9] . We may choose as a basis for fa/fa the elements [ai, a2, ai] , [ai, a2, a2] Consider another HnkL=LiWL2 (Fig. 2) which has a vanishing 
